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Under the continuous assumption on the generator g, Briand et 
al. [Electron. Comm. Probab. 5 (2000) 101-117] showed some con- 
nections between g and the conditional g-expectation {£g[-\^t])teio,T] 
and Rosazza Gianin [Insurance: Math. Econ. 39 (2006) 19-34] showed 
some connections between g and the corresponding dynamic risk mea- 
sure (p?)te[o,T]- In this paper we prove that, without the additional 
continuous assumption on g, a ^-expectation £g satisfies translation 
invariance if and only if g is independent of y, and £g satisfies con- 
vexity (resp. subadditivity) if and only if g is independent of y and g 
is convex (resp. subadditive) with respect to z. By these conclusions 
we deduce that the static risk measure induced by a p-expectation 
£g is a convex (resp. coherent) risk measure if and only if g is inde- 
pendent of y and g is convex (resp. sublinear) with respect to z. Our 
results extend the results in Briand et al. [Electron. Comm. Probab. 
5 (2000) 101-117] and Rosazza Gianin [Insurance: Math. Econ. 39 
(2006) 19-34] on these subjects. 



1. Introduction and preliminaries. 

1.1. Introduction. By Pardoux and Peng [16] we know that there exists 
a unique adapted and square integrable solution to a backward stochastic 
differential equation (BSDE in short) of type 

(1-1) yt = £,+ ( gis,ys,Zs)ds- [ Zs-dB^, o<t<T, 
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providing that the function g is Lipschitz in both variables y and z, and 
^ and ((^(t, 0, 0))tg[o,T] square integrable. g is called the generator of 
the BSDE (1.1) and {g,T,(,) are called the parameters of (1.1). We denote 
the unique solution of (1.1) by (1^((7, T, ^), (g, T, ^))jg[Q . When g also 
satisfies g{-,y, 0) = for any y, then 10(5) T,^), denoted by £g[S,], is called the 
^-expectation of ^; Yt{g,T,^), denoted by 8g[^\J^t], is called the conditional 
^-expectation of ^; see Peng [17]. 

(^-expectation is a kind of nonlinear expectation. The original motiva- 
tion for studying ^r-expectation comes from the theory of expected utility, 
which is the foundation of modern mathematical economics and is chal- 
lenged by the well-known Allais paradox. Since the notion of ^-expectation 
was introduced, many properties of ^-expectation have been studied in 
[3, 4, 5, 6, 13, 14, 15, 17, 18, 19]. Chen and Epstein [5] gave an applica- 
tion of ^'-expectation to recursive utility. Coquet et al. [6] obtained a very 
interesting result. They proved that if a filtration consistent (nonlinear) ex- 
pectation £ can be dominated by a kind of (7-expectation, then £ must be a 
^-expectation. More recently, Rosazza Gianin [20, 21] first introduced some 
examples of risk measures via ^-expectations and conditional (/-expectations: 

(1.2) pf(e):=^^[_^], pl(^^y,= £^l_^\jr^^ VtG[0,r]. 

Under an additional continuity assumption (A4) (see Section 1.2), with the 
help of Proposition 2.3 of Briand et al. [3], Rosazza Gianin [21] showed us 
that {pt)te[o,T] is a dynamic convex (resp. coherent) risk measure if and only 
if g is independent of y and is convex (resp. sublinear) with respect to z. 
Barrieu and El Karoui [2] and Peng [19] also obtained some results on this 
subject. 

The main objective of this paper is to explore some fundamental char- 
acteristics of ^-expectations which are related to risk measures. The major 
contributions of this paper are: 

(a) We establish a general Representation Lemma for generators of BSDEs 
under the usual assumptions (Al) and (A2), which generalizes Proposition 
2.3 of [3] and helps us to confirm the same necessary and sufficient conditions 
in [3] and [21] without the additional continuity assumption (A4). We hope 
that it turns out to be useful in other situations, as well. 

(b) Under the usual assumptions (Al) and (A3), without any additional 
assumptions on g, we prove that if the static risk measure , which is an 
operator, is a convex (resp. coherent) risk measure, then the corresponding 
dynamic risk measure {Pt)te[o,T]: which is an operator system, is a dynamic 
convex (resp. coherent) risk measure, and the generator g is independent of 
y and is convex (resp. sublinear) with respect to z. 

The remainder of this paper is organized as follows. In Section 1.2, we 
introduce some preliminaries. In Section 2, we establish a general Repre- 
sentation Lemma for generators of BSDEs. In Section 3, under the usual 
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assumptions (Al) and (A3), we obtain some necessary and sufficient condi- 
tions for translation invariance, convexity, subadditivity and positive homo- 
geneity of (^-expectations, respectively. In Section 4, we state our results on 
static risk measure and dynamic risk measure (/of )tg[o,T] • 

1.2. Preliminaries. Let T > be a fixed time horizon; let {Vt,J-,P) be 
a probability space and {Bt)t>o be a d-dimensional standard Brownian mo- 
tion on this space such that Bq = 0; let {J^t)t>o be the augmented nat- 
ural filtration generated by {Bt)t>o and satisfy the usual conditions. Let 
A^jf(R"') denote the space of all R"-valued, (.7^t)-progressively measurable 
processes. We set n^O,T;W) := {^P e 7W^(R"); HV'lli := ^Uo li^A^ dt] < 
oo}, 5|r(0,T;R) := {ip € A^jf(R);^ is continuous and E[supo<t<Tl^t P] < cxo}, 
L'^{J-t) := isR- valued, jT^-measurable random variable, E[^^] < oo}. 

The generator g oia, BSDE is a function g : x [0, T] x R x R'^ i — > R such 
that (^(i, 2/, 2))te[o,r] is progressively measurable for each (y,^;) E R x R*^, 
and g also satisfies the following usual assumptions (Al) and (A2): 

(Al) There exists a constant K >{) such that dP x dt-a.s., Vyi, y2; zi,Z2, 
\g{t,yi,zi) - g{t,y2,Z2)\ <K{\yi -2/2I + \zi - Z2\)- 
(A2) The process {g{t,0,0))te[o,T] € n^O,T;-R). 
(A3) dP X dt-a.s., for any y G R, g(-,y,0) = 0. 
(A4) P-a.s., for any y G R, z € R'^, 1 1-^ g{t, y, z) is continuous. 

Let (Al) and (A2) hold for g. By [16], for each i G L'^{J't), (1-1) has a 
unique solution in 5^(0, r;R) x H^(0,r;R'^), which is denoted by 

{Yt{g,T,0,Zt{g,T,0)telo,T]- 

We recall the notions of ^-expectation and conditional (7-expectation and 
some properties given in Peng [17]. In the following Definitions 1.1 and 1.2 
and Lemma 1.1, g is assumed to satisfy (Al) and (A3). 

Definition 1.1 ([17]). The ^-expectation £g[-] : L'^{Tt) i — > R is defined 
hy £g[i]:=Y^{g,T,i). 

Definition 1.2 ([17]). The conditional ^-expectation of ^ with respect 
to Tt is defined by <5g[^|.7^t] := Yt{g, T, ^), which is the unique random variable 
?7 in L'^{Tt) such that <Sg[^lA] = <?g[rylA], for all A^Tt- 

Lemma 1.1 ([17]). (i) For each constant c,£g[c] = c. 
(ii) IfXi > X2,a.s., then £g[Xi] > £g[X2]. 

(ifi) IfXi > X2, a.s., and P{Xi > X2) > 0, then £g[Xi] > £g[X2]. 
(iv) If g is independent ofy, that is, g is defined on x [0,T] x R'^, then 
£g[X + 7]\Tt] = £g[X\J^t] + r/, G L^{Tt),ii(^ L^iJ't). 
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2. Representation lemma for generators of BSDEs. For studying a kind 
of converse comparison problem, Proposition 2.3 in Briand et al. [3] showed 
us that for any {y, z) G R x R'^ and t € [0, T[, the equality 

g{t, y, z) = L^- lim -[Yt{g,t + e,y + z ■ {Bt+e - Bt)) - y] 

e— >0+ £ 

holds under (Al), (A2), (A4) and E[supo<i<T'|5(t, 0, 0)|^] < oo. For studying 
Jensen's inequality for (^-expectation, [15] got the following Proposition 2.1. 

Proposition 2.1 (Theorem 3.3 in [15]). Let (Al) and (A2) hold for g; 
let I <p <2. Then for any triplet {t,y,z) € [0,r[ x R x R^, the following 
two statements are equivalent: 

(i) g{t, y, z) = LP- lim,^o+ \[Yt{g,t + e,y + z ■ {Bt+e - Bt)) - y] . 

(ii) g{t, y, z) = - lim£^o+ E[i //"^^ g{s, y, z) ds| Ji] . 

Further studying shows that many problems on BSDEs are related to this 
kind of representation problem. In this section, we will establish a general 
Representation Lemma for generators of BSDEs under (Al) and (A2), which 
generalizes Proposition 2.3 of [3] and will be used frequently. 

Lemma 2.1 (Representation lemma). Let (Al) and (A2) hold for g. Let 
1 <p <2. Then for each (y, z) € R x R*^, the equality 

g{t, y, z)=LP- lim -[Yt{g,t + £,y + z ■ {Bt+e - Bt)) - y] 

e— »0+ £ 

holds for almost every t € [0,T[. 

In order to prove Lemma 2.1, we introduce the following proposition. 

Proposition 2.2. Let q > I; let 1 < p < q. Set ■H^(0,r;R) := {-0 G 
MF{'R);mo\ipt\'^dt]<oo}. Then for any i/j en''^{0,T;K), we have 

1 

il)t = LP- lim - / il^sds a.e. tG[0,T[. 
e^0+ e Jt 

Proof. Since V' G W^(0,r;R), the Fubini theorem yields /(f E[|V't I"?] (it = 

E[/o^ iV'tl'^di] < cx). ThusE[|V't|^] <oo,a.e. tG [0,r].Bythe Lebesgue lemma 
(see Lemma 18.4 of [12]), we know that the equality 

lim - r''E,[\i;sV]ds = nW] 
£— >o+ e Jt 

holds for almost every t G [0,T[. 
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Also hy ip G 'H^(0,T;R) we understand that IJ^Tptdt] < oo, a.s. There- 
fore, by the Lebesgue lemma we have 



(2.1) 
Hence 



1 /■*+^ 



lim 

£^0+ e Jt 



i/js ds = i/jt 



1 /■*+^ 



lim 

e^0+ £ Jt 



-ips ds = ipt 



cl.S., cl.G. 



Thus there exists a subset S C [0, T[ such that the Lebesgue measure A([0, T] \ 
S) of [0, r] \ S equals 0, and for each t E S we have 



(2.2) 



(2.3) 



lim — 

e-»0+ £ Jt 



1 /■*+^ 



ips ds = tpt 



a.s. , 



E[i^tr] <oo, 



1 /■*+'^ 



lim 

e^0+ e Jt 



n ds=n 



For any t € 5", by (2.3) we know that there exists a constant 6t> ^ such that 
1 /■*+^ 



(2.4) 



e Jt 



E 



\'i]ds<nW] + l 



For any t G 5", e S ]0, 5t], we set := |i //"'"^ V's "^sj. Then for any > 0, by 
Holder's inequality, Fubini's theorem and (2.4) we have 



J{Xl>N} £ Jt 



1 



ips ds 



dP< 



< 



1 



{X^>N} N1~P 

1 



1 /■*+^ 



£ Jt 
■ I rt+e 



£ Jt 



ips ds 
li^sl'ds 



dP 
dP 



< 



1 



Ni-P 
1 



-E 



1 /■*+^ 



£ Jt 



li^sl'ds 



Thus {|- ■0s'^s|^;e g]0,5(]} are uniformly integrable. Combining this 
conclusion with (2.2), we conclude that for each t G S", we have 



(2.5) 



ipt = L^— hm 

£^0+ £ Jt 



1 /■*+^ 



ips ds. 



The proof of Proposition 2.2 is complete. □ 

Proof of Lemma 2.1. Since (^(t, 0, 0))jg[o,T] S W^(0,r;R) and g sat- 
isfies (Al), we know that for each (y, z) G Rx R'^, (^(t, z))t£[o,T] ^ '^3^(0, T; R). 
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Then for any 1 <p <2 and any (y, z) G R x R"^, Proposition 2.2 and Jensen's 
inequality yield 



(2.6) g{t,y,z) = LP- lim E 

£-^0 + 



1 /■*+^ 

g{s,y,z)ds 



a.e. t G [0,r[. 



Thus Lemma 2.1 follows from (2.6) and Proposition 2.1 immediately. □ 

Remark 2.1. Consider a financial market where derivatives pricing is 
constrained by BSDEs with generator g\ Lemma 2.1 may help us to find the 
pricing mechanism, that is, the function g. 

3. Translation invariance, convexity, subadditivity and positive homo- 
geneity for gf-expectations. In this section, we study some properties of 
(y'-expectations such as translation invariance, convexity, subadditivity and 
positive homogeneity. All these properties are related to risk measures via 
^'-expectations. We obtain some necessary and sufficient conditions on these 
problems, respectively. The main differences between our results and other 
known results on these problems such as those results in Briand et al. [3] 
and Rosazza Gianin [21] are: 

(a) We can use the (/-expectation <fg[-], which is an operator, to describe 
the character of the generator g\ on the other hand, [3] and [21] always used 
the conditional ^'-expectation (fg[-|.^t])t6[o,T]) which is an operator system, 
to describe the character of g. 

(b) Our results are obtained under the usual assumptions (Al) and (A3); 
on the other hand, the necessary and sufficient conditions given in [3] and [21] 
are always obtained under the assumptions (Al), (A3) and the additional 
continuity assumption (A4). 

From now on, for any pair (y, z) G R x R*^, we set 

Sl{g) :=|tG[0,r[ 

g(t, y, z)=L^- lim - [Ft (5, t + e, y + z • (5*+, -Bt))-y\\. 
If g is independent of y, then for any z G R'^, we set 

S\g) := |t G [0, T\ | g{t, z) = - ^l_im ^Yt{g, t + e,z- {Bt+e - Bt))^. 

3.1. Translation invariance for g- expectation. If g is independent of y, 
then by Lemma 1.1 (iv) we know that the ^-expectation £g satisfies trans- 
lation invariance. We now investigate the inverse problem. We have the 
following theorem. 
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Theorem 3.1 (Translation invariance for (7-expectation). Let (Al) and 
(A3) hold for g. Then the following three statements are equivalent: 

(i) £g[i + c]= £g[i\ + c, G L2(jry), c G R. (Translation invar lance. 

(ii) For Ve G L2 (^r), c G R, Vt G [0,r], 

£g[i + c\Tt]=£g[i\J't]+c, P-a.s. 

(iii) g is independent ofy. 

Proof, (iii) =^ (ii) follows from Lemma 1.1. (ii) =^ (i) is trivial. Now 
let us prove that (i) =^ (iii). Suppose that (i) holds. 
For any c G R, we define a new generator 

g'{t,y,z):=g{t,y-c,z) VtG[0,T], y G R, z G R^. 

Then g" satisfies (Al), (A2) and (A3). 

For any X G L?'{J-t), by the uniqueness of solution of BSDE we can verify 
easily that 

{Yt{g',T, X + c), Zt{g', T,X + c)\^[o,T] = (s, T, X) + c, Zt{g, T, X)),^^^^^^ . 
It follows that 

£gc [X + c]= Yo{g', T,X + c) = Yo{g, T,X) + c = £g[X] + c. 
Combining the above equality with (i) we have 

£gc [X + c]= £g[X + c] VX G L'^iJ'T)- 
Hence for any given c G R, we have 

(3.1) £gc[C] = £g[C] ^ieL\FT). 

It follows from (3.1) and Proposition 3.4 of [13] that for any ^ G L?'{!Ft): we 
have 

(3.2) P-a.s., VtG[0,r] £gr\i\Ft\=£g[i\rt]- 

Then for any (y, z) G R x R'^ and for any t G Sy{g'') fl Sy{g), (3.2) yields 

(3.3) P-a.s., g''{t,y,z)=g{t,y,z). 
By the representation lemma we understand that 

(3.4) A([o,r]\(5,^(/)n 5,^(5))) = 0, 

where A denotes the Lebesgue measure. It follows from (3.3) and (3.4) that 

(3.5) dPxdt-a.s., g''{t,y, z) = g{t,y, z). 

Since g and g'^ are both Lipschitz with respect to {y,z), it follows that 

(3.6) dP X dt-a.s., yy £R,z eK'^ g''(t,y, z) = g{t,y, z); 
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that is, for any given c € R, we have g'^ = g. Thus for any y S R, we have 

(3.7) (iP X dt-a.s., Vz G R'^ g{t,y, z) = g{t,0, z). 

Therefore (iii) fohows from (3.7) and the Lipschitz assumption (Al). □ 

Remark 3.1. Under (Al), (A3) and (A4), Briand et al. [3] proved that 
(ii) is equivalent to (iii) in Theorem 3.1; see Lemmas 4.2 and 4.3 in [3]. 

3.2. Convexity, subadditivity and positive homogeneity for g- expectations. 
For studying a control problem. El Karoui, Peng and Quenez [8] studied con- 
cave BSDEs. For studying dynamic risk measures, Rosazza Gianin [20, 21] 
studied the convexity, subadditivity and positive homogeneity of conditional 
(/-expectations. The reader can see some results of [21] in Remark 3.2. Now 
let us introduce our results. 



Theorem 3.2 (Convexity for ^r-expectation). Let (Al) and (A3) hold 
for g. Then the following three statements are equivalent: 

(i) £^g[-] is convex. (Convexity.) 

(ii) For any t € [0,T], £'g[-|.Ff] is convex, that is, V^,r/ G L'^{TT),a G 
[0,1], 

SgH + (1 - a)v\^t] < a£y[C\Tt] + (1 - a)£g[r]\J't], P-a.s. 

(iii) g is independent of y and g is convex with respect to z, that is, for 
any zi,Z2 G R"^, a G [0, 1], 



g{t,azi + (1 - a)z2) < ag{t,zi) + (1 - a)g{t,Z2), 



dP X dt-a.s. 



Proof, (iii) =^ (ii) follows from the well-known comparison theorem; 
the argument is analogous to the argument of Proposition 3.5 in El Karoui, 
Peng and Quenez [8] when those authors studied concave BSDEs. (ii) =^ (i) 
is trivial. Now let us prove that (i) (iii). 

Suppose that (i) holds. First, let us prove that the convexity of (/-expectation 
implies the translation invariance. Indeed, for any ^ G L'^{J-t),c G R, a G 
[0, 1], by (i) and Lemma 1.1 we have 

(3.8) £g[a^ + (1 - a)c] < a£g[^] + (1 - a)£g[c] = a£g[^] + (1 - a)c. 
Thus for any ^ G L?'{J-t),c G R and any positive integer n, we have 



n 



£o 



< 1 



n 



1- - K + -(H 



n 



n 



^9[e]+c. 
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Since the operator £g[-] is continuous in sense, we have 



+ c] = hm 



1--K + C 



< lim ("l-iV [e]+c 

Hence we have 

(3.9) £g[i + c]<£g[i]+c ^ieL\FT), cen. 
Therefore 

(3.10) £g[i] =£g[i + c-c]< £g[i + c] - c G L2(^y), c G R. 
It follows from the above two inequalities that 

(3.11) £g[i + c]=£g[i]+c ^ieL\FT), cen. 

Thus the (7-expectation £g satisfies the translation invariance. Then by The- 
orem 3.1 we conclude that g is independent of y. 

Second, let us prove that for each ^,77 € L'^{J^t),0! G [0, l],P-a.s., 

(3.12) £g[a^ + il-a)7]\Tt]<a£g[^\J^t] + {l-a)£g[i]\J^t] Vte[0,r]. 
We set 

A := {£g[aC + (1 - a)7]\J^t] > a£g[C\J't] + (1 - a)£g[7]\J't]}. 
Then Ag J^f Suppose by contradiction that P{A) > 0. Then 

lA£gH + (1 - a)v\^t] - lA{a£g[^\Tt] + (1 - a)£g[r]\J^t]) > 0, 

and 

Pi{lA£gH + (1 - a)v\^t] - lAia£g[^\Tt] + (1 - a)£g[r]\Tt]) > 0}) > 0. 
Since g{t,0) = and A £ J^t, it is obvious that 

(3.13) £g[lAX\J^t] = lA£g[X\J't] yXGL^Tr). 

Since g is independent of y and A € by Definition 1.2, Lemma l.l(iv), 
equality (3.13) and Lemma l.l(iii) we infer 

£g[lAiaC + (1 - a)7]) - lAia£g[C\J't] + (1 - a)£g[v\Tt])] 
= £g{£g[lA{a^ + {l-a)rj) 

- lA{a£g[m] + (1 - a)£g[7]\Tt])\^t]} 

(3.14) =£g{£g[lA{aC + {l-aMJ't] 

-lA{a£g[C\J't] + il-a)£g[7]\:Ft])} 
= £g{lA£g[{aC + {l-aMTt] 

- lA{a£g[C\Tt] + (1 - a)£g[r]\Tt])} > 0. 
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On the other hand, since £g is convex and g is independent of y, in view of 
Definition 1.2, Lemma l.l(iv) and equahty (3.13), we deduce that 

8g[lA{ai + (1 - a)ii) - lA{a8g{i\Tt) + (1 - a)£g{7]\Tt))] 

= £g[a{lAi - lA8g{i\rt)) + (1 - a){lAV - lASg{r}\Tt))] 

(3.15) < a£g[lAi - lA£g{i\m + (1 - a)£a['^Ari - lA£g{v\^t)] 
= a£g{£g[lAi-lA£g{i\m^t]} 

+ (1 - a)£g{£g[lAV - lA£g(.v\^t)\J't]} 

= a£g{£g[lA^\Tt]-lA£g{^\J't)} 

+ (1 - a)£g{£g[lAll\rt] - lA£g{^\rt)} 
= a£g{lA£g[^\J't]-lA£g{^\m 

+ (1 - a)£g{lA£gMJ't] - lA£gi^\:Ft)} 
= + = 0. 

Clearly (3.15) is a contradiction to (3.14). Therefore P{A) =0. Thus (3.12) 
does hold. 

For any ^1,^2 G R'^,a G [0,1], if t G 5«^i+(i-°)^2 (^) p S'^{g) D S'^{g), 
by (3.12) we deduce that 

P-a.s., g{t, az\ + (1 — o)z2) < ag{t, zi) + (1 — a)g{t, Z2). 

For any zi,Z2 G R'^,a G [0, 1], by the Representation Lemma we know that 

A([0,T] \ (5-i+(i-)-2(^) n s'^{g) n 5^^ (5))) = 0. 

Thus for any zi , Z2 G R-''; « G [0,1], we have 

(3.16) dP X dt-a.s., g{t,azi + {1 — a)z2) < ag{t, zi) + {1 — a)g{t, Z2). 
Thus (iii) does hold. □ 

Analogously to the argument of convexity for ^-expectations, we have: 

Theorem 3.3 (Subadditivity for ^-expectation). Let (Al) and (A3) 
hold for g. Then the following three statements are equivalent: 

(i) £g[-] is subadditive. (Subadditivity.) 

(ii) For any t € [0,r], £'g[-|^f] is subadditive, that is, y£,,ri € L?'{J^t), 

£g[i + ^\Tt]<£g[i\Tt]+£gHTtl P-a.s. 

(iii) g is independent of y and g is subadditive with respect to z, that is, 
for any z\,Z2^ R*^, 

g(t, z\ + Z2) < g{t, Z2) + g{t, Z2), dP X dt-a.s. 
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For the positive homogeneity of (^-expectations, we have the following 
theorem. 

Theorem 3.4 (Positive homogeneity for (^-expectation). Let (Al) and 
(A3) hold for g. Then the following three statements are equivalent: 

(i) is positively homogeneous. 

(ii) For any t € [0, T], £'g[-|.Ff] is positively homogeneous, that is, G 

£gV^i\^t]= Oi£g[i\Tt], P-a.s. 

(iii) g is positively homogeneous with respect to {y,z), that is, for any 
{y,z) gR X R'^,a>0, 

g{t,ay,az) = ag(t,y, z), dP x dt-a.s. 

Proof, (iii) (ii) is just Proposition 9 of [21]. (ii) =^ (i) is trivial. Now 
let us prove that (i) ^ (iii). Suppose that (i) holds for £g. For any a> 0, 
we define a new function 

g''{t,y,z):=ag(t,^,-) V(t, y, z) G [0, T] x R x R^. 

It is clear that 5° satisfies (Al), (A2) and (A3). 
For any ^ G L'^{Tt), we deduce that 

(Yt (5° , T, , Zt {r ,T,aO)te [o,T] = a{Yt{g,T,0, Zt{g, T, 0)te [o,T] ■ 
Thus for any given a > 0, we have 

Combining (i) with the above equality we have 

(3.17) £g4C] = m VC(^L\Tt). 

Thus for any a> 0, using the same argument as in (3.1)-(3.6) we conclude 
that g'^ = g, that is, 

(3.18) dP X dt-a.s., y(y,z) £Rx R'^, g(t,y, z) = ag( t,-, -] . 

\ a a J 

Hence (iii) follows from (Al) and (3.18). □ 



Remark 3.2. Under (Al), (A3) and (A4), [21] proved that (ii) is equiv- 
alent to (iii) in Theorems 3.2-3.4; see Propositions 8-11 in [21]. 
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4. Risk measures via gr-expectations. Recently, many papers have been 
devoted to the problem of quantifying the risk of a financial position. Such 
a position, as in Artzner et al. [1] and Follmer and Schied [10], will be de- 
scribed by the corresponding payoff profile, that is, by a real-valued function 
X on some set Vt of possible scenarios, where X{uj) is the discounted net 
worth of the position at the end of the trading period if the scenario w G 
is realized. Coherent risk measures were introduced by Artzner et al. [1]; 
then, convex risk measures were introduced by Follmer and Schied [9], and 
independently, by Frittelli and Rosazza Gianin [11]. Among others, we are 
especially interested in [1, 2, 7, 9, 10, 11, 19, 20, 21]. For the convenience 
of the reader, we recall some definitions of risk measures. The definition 
of convex measure of risk we use in this paper was given by Follmer and 
Schied [10], slightly different from the one given by Frittelli and Rosazza 
Gianin [11]. 

Definition 4.1 ([1, 10]). Let Q be the set of risks, that is, a set of 
real- valued functions on $7. A mapping p:^ — > R is called a monetary risk 
measure if p satisfies the following conditions for all X, y, G Q: 

(1) Monotonicity: li X <Y, then p{Y) > p{X). 

(2) Translation invariance: If c E R, then p{X + c) = p{X) — c. 

Definition 4.2 ([1, 10]). A monetary risk measure p is called a convex 
measure of risk if it satisfies 

(3) Convexity: p{\X + (1 - \)Y) < \p{YX) + (1 - \)p{Y), VA G [0, 1]. 

A convex measure of risk p is called a coherent measure of risk if it satisfies 

(4) Positive homogeneity: If A > 0, then p{\X) = \p{X). 

Definition 4.3 ([21]). Let g be the set of risks and g C L^{n,TT,P). 
A map system (pi)tg[o,T] is called a dynamic risk measure if it satisfies the 
following conditions for all X,Y ^g and all t G [0,T]: 

(1°) pt:g^L0(O,^i,P). 

(2°) po is a static monetary risk measure. 

{^°) Pt{X) = -X. 

(4°) Dynamic monotonicity: If X < y, then ptiY) > pt{X). 

(5°) Dynamic translation invariance: If c G R, then pt{X + c) = pt{X) — c. 

Definition 4.4 ([21]). A dynamic risk measure {pt)telo,T] is called a 
dynamic convex measure of risk if it satisfies 

(6°) Dynamic convexity: For any X,Y eg, AG [0, 1], t G [0, T], P-a.s., 

pt{XX + (1 - A)y) < Xpt{X) + (1 - X)pt{Y). 

A dynamic convex measure of risk {pt)te[o,T] is called a dynamic coherent 
measure of risk if it satisfies 
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(7°) Dynamic positive homogeneity: For any X £Q, A > 0, t € [0,r], 
P-a.s, pt{XX) = Xpt{X). 

By Theorems 3.1-3.4 and Definitions 4.1-4.4, we can obtain the foUowing 
Theorems 4.1 and 4.2 immediately. 

Theorem 4.1. Let (Al) and (A3) hold for g. Let the set Q of risks 
he L'^{Tt)- Let and {pi)t<^[f),T] defined as in equality (1.2). Then the 
foUowing statements are equivalent: 

(i) p^ is a convex measure of risk. 

(ii) (pf )te[o,T] a dynamic convex measure of risk. 

(iii) £g is convex. 

(iv) g is independent of y and is convex with respect to z. 

Theorem 4.2. Let g, Q, p^ and {pt)te[o,T] Theorem 4.1. Then 

the following statements are equivalent: 

(i) p^ is a coherent measure of risk. 

(ii) (pf)tG[o,T] 0- dynamic coherent measure of risk. 

(iii) £g is suhlinear, that is, £g is positively homogeneous and subadditive. 

(iv) g is independent of y and is suhlinear with respect to z. 

Remark 4.1. Rosazza Gianin [21] proved that (ii) is equivalent to (iv) 
in Theorems 4.1 and 4.2 under assumptions (Al), (A3) and (A4). 

Remark 4.2. Generally, verifying that a dynamic risk measure (pt)fg[o,T] 
is a dynamic convex (resp. coherent) measure may be much more difficult 
than verifying that the corresponding static risk measure pQ is a static con- 
vex (resp. coherent) measure. But for risk measures {pi)t&[o,T]i by Theorems 
4.1 and 4.2 we know that if p^ is a static convex (resp. coherent) measure 
of risk, then (pf )tg[o,T] must be a dynamic convex (resp. coherent) measure 
of risk. 
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